Convergence problems of meta-GGA ͑generalized gradient approximation͒ XC ͑exchange and correlation͒ functionals containing a self-interaction correction term are traced back to a singularity of the latter that occurs at critical points of the electron density. This is demonstrated for the bond critical point of equilibrium and stretched H 2 . A simple remedy is suggested that cures meta-XC functionals such as VSXC, TPSS, M05, M06, and their derivatives without extra cost.
I. INTRODUCTION
Density-functional theory 1 ͑DFT͒ calculations using meta-GGA ͑generalized gradient approximation͒ functionals ͑see, e.g., Refs. 2-6͒ for the exchange and correlation ͑XC͒ energy have attracted intense interest recently. We report here that calculations with commonly used meta-GGA XC functionals such as VSXC, 2 TPSS, 3 PKZB, 4 M05,
5
M05-2X, 5 or M06-L ͑Ref. 6͒ can lead to convergence problems in the self-consistent-field ͑SCF͒ iteration caused by a singularity in the self-interaction correction term containing the kinetic energy density. These problems in turn influence the structure optimization, which can lead to erroneous geometries. We observed this problem first for the M05 XC ͑Ref. 5͒ description of the H 2 molecule. Calculation of the dissociation curve for either ground or excited states leads to erratic results unless an extremely fine benchmark grid is used for the numerical integration of the XC terms. In the case mentioned, the iteration converges properly for certain values of the bond distance R = R͑H,H͒, whereas it diverges altogether or converges to an incorrect configuration, e.g., the ͑1 u ͒ 2 configuration, for other R values. The convergence or divergence behavior in dependence on R follows no clear pattern. In the course of the investigation, we found that similar problems for other meta-GGA functionals are encountered for molecules which are generally considered as typical benchmark cases.
For the practicability of an XC functional, it is problematic when convergence problems occur already for simple reference systems. A detailed analysis reveals that these convergence problems are related to the equal-spin part of the correlation energy in the meta-GGA functional considered. Based on this analysis, we suggest in the present work a modification of the functionals that improves their numerical stability in SCF iterations while leaving the resulting XC energies essentially unchanged. The suggested modification is easy to implement for the functionals under consideration and does not imply a substantial extra computational cost.
The paper is organized as follows. In Sec. II, we present the analysis of the convergence problems and describe a remedy of the XC functionals so that the singularity problems vanish. Section III summarizes the computational details of this work and in Sec. IV a number of molecules are described for which the meta-GGA XC functionals mentioned above lead to erratic results. Section V presents a brief summary.
II. THEORY
In the meta-GGA functionals under investigation, the correlation energy is decomposed into an equal-spin and an opposite-spin component. The expression for the equal-spin correlation for spin orientation ͑ = ␣ or ␤͒ contains the factor
for the elimination of self-interaction errors in the correlation energy. We note that = 0 implies ␥ = 0 but not vice versa. At positions where only one electron of spin is present ͑called "one-electron positions" in the following͒,
͑2͒
so that D and the contribution to the correlation energy become zero. The Kohn-Sham ͑KS͒ matrix elements used in the SCF iterations depend on the derivatives of D with respect to , ␥ , and , where the latter are
Note that at one-electron positions, ‫ץ‬D / ‫ץ‬ =1/ because of Eq. ͑2͒. If has a stationary point that is a one-electron position as, e.g., the bond center of the H 2 molecule, then = 0 at this point ͑provided that 0 at this point͒. Also, for small distances x from the stationary point, ␥ ϰ x 2 , ϰ x 2 . Consequently, both derivatives ‫ץ‬D / ‫␥ץ‬ and ‫ץ‬D / ‫ץ‬ have a 1 / x 2 singularity at that point. The elements , of the XC parts of the Fock matrices are given by Eq. ͑4͒,
͑4͒
where f gives the functional dependence of the XC energy density on , ␥ , ␥ Ј , and , respectively, and ␥ Ј = ٌ ٌ Ј . The singularities in ‫ץ‬D / ‫␥ץ‬ and ‫ץ‬D / ‫ץ‬ also occur in ‫ץ‬f / ‫␥ץ‬ and ‫ץ‬f / ‫ץ‬ . Despite the presence of these 1 / x 2 singularities at the stationary point, this integral still converges. However, when integrating numerically, the integral is replaced by a finite sum of the form
where ⌬ 3 r i is the finite volume element and the dots represent all terms in the square brackets of Eq. ͑4͒ evaluated at the grid point r i . If r i happens to be close to the stationary point in , then the value of ͓¯͔ i will be large, and the contribution of volume element i to F XC will be exaggerated. This exaggeration will be more serious the larger ⌬ 3 r i is, i.e., the coarser the integration grid is. The exaggerated terms in the KS matrix, in turn, cause the convergence problems mentioned. That is, the use of the meta-GGA functionals under consideration can lead to convergence problems if the system in question has a stationary point in its density that is a one-electron position for ͑unless this point is in a nodal surface of ͒. Thus, if there is only one electron for one of the spin orientation , then any stationary point in can cause convergence problems of the kind observed. This is in line with the observations made for the H 2 and other molecules as will be described in Sec. IV.
The analysis of the convergence problems leads to two conclusions with regard to their properties: First, the problems occur when a point of the integration grid is close to a stationary point of as, e.g., the bond center of H 2 . This explains the erratic occurrence of the convergence problems. If, for instance, one performs a potential-energy scan for H 2 by increasing R = R͑H,H͒ in very small steps, the convergence problems will occur every time if one of the grid points passes the bond center. For usual production grids, the radial distance between neighboring grid points in the valence region is of the order of 0.1 bohr radii. That is, R intervals with proper SCF convergence and with convergence problems would alternate on a scale of about 0.1 bohr. A production potential energy scan with a step length of 0.1 bohr or more will then scan the two kinds of intervals in random order thus leading to an erratic description. A geometry optimization will abort if one of the intermediate geometries belongs to an R interval with convergence problems.
Second, the convergence behavior for a given system may depend not only on the current geometry and the level of theory used ͑i.e., XC functional and integration grid͒ but also on the algorithm and parameters used for the SCF iteration.
It is easy to predict under which circumstances the convergence problems should not occur. If bonding and antibonding orbitals are occupied, as in the case of the He 2 dimer, Ͼ 0 will hold everywhere in the molecule, including the bond center, and the singularity in the KS matrix will be suppressed. Likewise, core electrons will largely suppress the occurrence of singularities. For the Li 2 dimer, for instance, the core electrons will generate a small but significant positive value at the bond center, which prevents the KS matrix elements from becoming singular. It might thus appear that the convergence problems appear only for a small class of molecules and are of minor importance. However, on the one hand, it will be a potential source of problems if an XC functional behaves erratically even for simple molecules, which in addition are often needed as references in chemical investigations. Besides, the convergence problems can also occur for molecules with heavier atoms if the core electrons are described by effective core potentials ͑ECPs͒. Thus, it is desirable to remedy the convergence problems by a suitable modification of the functionals.
The numerical problem mentioned affects only the derivatives of D ͑and eventually the KS matrix͒ rather than the values of D ͑and thus eventually the equal spin correlation density͒ itself. More specifically, the values of D for physically relevant sets of values , ␥ , and are reasonable. The problems arise from the behavior of D for unphysical sets of values ͑e.g., = 0 but ␥ 0͒, which are not relevant for the calculation of the correlation energy itself but are probed during the calculation of the derivatives of D . That is, if the SCF iteration converges to the proper state, the calculated energy will be reliable. Consequently, a modification of the functionals has to be done in a way that the values of D for physically relevant cases are changed as little as possible, whereas the singular behavior of the derivatives has to be suppressed. In other words, the improvement of the meta-GGA XC functionals from Refs. 2-6 given above should not modify the calculated XC energy values for those cases where the functionals from Refs. 2-6 in their original form work properly in the SCF iteration.
As the analysis reveals that the convergence problems arise from one-electron positions, the contributions to the equal-spin correlation energy have to vanish anyway, i.e., D = 0. An obvious solution to the problem is thus to exclude all grid points from the numerical integration for which is below a certain threshold. However, such cutoff procedures can give rise to new problems, e.g., discontinuities in potential-energy surfaces and energy gradients and, consequently, problems in geometry optimizations. A more appropriate approach is to modify the expression for D in a way that the value of the equal-spin correlation is essentially unaffected, however, the singularities in ‫ץ‬D / ‫␥ץ‬ and ‫ץ‬D / ‫ץ‬ are eliminated. This can be accomplished by replacing D by D ,
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Here, a is a parameter responsible for damping irregularities in the value of D . For ӷ a, D Ϸ D , i.e., the correlation energy contribution is not affected by T . Only for small ͑with reference to a͒ does T influence the value of D . Small values are indicative of one-electron positions where equal-spin electron correlation is not present anyway. One can easily verify that T eliminates the 1 / singularities in ‫ץ‬D / ‫␥ץ‬ and ‫ץ‬D / ‫ץ‬ given in Eqs. ͑3a͒ and ͑3b͒.
The parameter a must be chosen large enough to safely suppress the singularities in ‫ץ‬D / ‫␥ץ‬ and ‫ץ‬D / ‫ץ‬ but small enough to avoid an impact of the equal-spin correlation energy. We determined the factor a by a series of test calculations, which are described and discussed in the following sections.
III. COMPUTATIONAL DETAILS
We implemented the modified M05 functional into the program package COLOGNE07 8 and tested it for a number of molecules employing Pople's 6-311+ + G͑2d ,2p͒ basis set. 9 For heavy atom systems, we used also the Stuttgart/Dresden ECP10SDF effective core potential and the corresponding basis sets. 10 The following integration grids were used: ͑i͒ an Euler-MacLaurin/Lebedev ͑75,302͒ integration grid, 11, 12 corresponding to fine production grids in modern quantumchemistry packages, ͑ii͒ an Euler-MacLaurin/Lebedev ͑99,590͒ grid, corresponding to ultrafine production grids, and ͑iii͒ an Euler-MacLaurin/spherical ͑96,32,64͒ grid, characteristic for a benchmark grid.
Test calculations for H 2 and H 2 O were performed to determine the optimal parameter a in Eq. ͑6͒. This value was then applied for all other molecules investigated.
For all molecules investigated, we performed geometry scans with both the unmodified and the modified meta-GGA functionals mentioned above, employing the three grids where we focus in this work on the results obtained for the M05 functional. Similar observations and results were obtained for the other functionals. Table I lists results for potential energy scans of H 2 with R varying from 1 to 2.5 bohrs in steps of 0.1 bohr, employing both the unmodified and the modified M05 functionals and the three integration grids described in Sec. III. For the unmodified functional and the ͑75,302͒ grid, one obtains unreasonable energy values above 7 hartrees for 1.0, 1.8, and 2.0 bohrs, indicating that the SCF procedure converges to an incorrect state. For the finer ͑99,590͒ grid, the energy is unreasonable for R = 2.0 bohrs ͑7.688 hartree͒; besides, the SCF procedure diverges for R = 1.7 bohr. For the ͑96,32,64͒ reference grid, all energy values are in the interval of −1.169 to − 1.083 hartree, i.e., an interval about 5 kcal/ mol above the ground-state energy, indicating that there are no convergence problems and one obtains a smooth dissociation curve for the ͑96,32,64͒ grid. In those cases where no convergence problems occur, the energy values for a given R value and different grids agree within 10 −6 hartree. The results for the unmodified functional confirm that the M05 functional leads to erratic convergence behavior for the H 2 molecule. Noteworthy is that one may obtain convergence problems for a finer grid ͓R = 1.7 bohrs and ͑99,590͒ grid͔ in cases where a coarser grid provides a convergent SCF procedure.
IV. RESULTS
The modified M05 functional ͑a =10 −4 a.u., Table I͒ provides smooth dissociation curves for all three grids. In those cases where the original M05 functional leads to SCF convergence, the unmodified and modified M05 functionals provide energies differing by less than 10 −7 hartree. In line with this fact, the three grids used will provide energies differing at most by 10 −6 hartree for a given geometry if the modified M05 functional is used.
The results for H 2 demonstrate that the modified M05 functional eliminates the convergence problems observed for the original M05 functional in the case of H 2 . In addition, the results from the unmodified and modified M05 functionals agree, i.e., the modification does not generate any undesirable changes in the behavior of the M05 functional.
The convergence problems described should occur in all molecules with only one electron for one of the spin orientations. We have verified this hypothesis by performing potential scans for molecules such as H 2 + ͑Table II͒, He 2 2+ ͑Table 
Hartree calculated for different distances R͑He, He͒ with different integration grids at M05/ 6-311+ + ͑2p͒ using the unmodified and modified M05 functional. The ͑75,302͒, ͑99,590͒, and ͑96,32,64͒ grids correspond to fine production grids, very fine production grids, and benchmark grids in standard DFT programs. R = R͑He, He͒ given in bohr units. Equilibrium bond distance of 1.327 bohr units.
R
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Modified III͒, and H 3 + ͑Table IV͒. In analogy to the case of H 2 , one finds spurious cases of convergence to an incorrect state or SCF divergence for the ͑75,302͒ and ͑99,590͒ grids. Only for the ͑96,32,64͒ grid do convergence problems not arise. In line with the observations made for H 2 ͑Table I͒, the modification of the M05 functional satisfactorily corrects the erroneous convergence behavior in all cases.
Systems containing alkali atoms should be prone to the same convergence problems if described with pseudopotentials. For the purpose of testing this hypothesis, we performed a potential-energy scan for the Na dimer described with the Stuttgart/Dresden SDF ECP and the corresponding valence basis set. 10 Table V shows the absolute energies for R values in the range from 6.0 to 8.0 bohrs. Indeed, for the TABLE V. Absolute energies of Na 2 ͑ 1 ⌺ g + ͒ in Hartree calculated for different distances r͑Na, Na͒ with different integration grids at M05/ECP10SDF using the unmodified and modified M05 functional. The ͑75,302͒, ͑99,590͒, and ͑96,32,64͒ grids correspond to fine production grids, very fine production grids, and benchmark grids in standard DFT programs. R = R͑H,H͒ given in bohr units. Equilibrium distance: 6.067 bohr units for ͑75,302͒ grid, 6.079 bohr units for ͑99,590͒ grid, and 6.049 bohr units for ͑96,32,64͒ grid. ͑75,302͒ and ͑99,590͒ grids, one finds convergence to spurious states for selected R values, which are remedied by the modification of the M05 functional. It should be noted that the convergence problems for the Na dimer follow a pattern: While in the region around the equilibrium, there are problems only for selected R values ͓R = 6.6, 6.7 bohrs for ͑75,302͒ grid, R = 6.4 bohrs for ͑99,590͒ grid͔, all calculations converge incorrectly or not at all for R Ͼ 7.1 bohrs and the ͑75,302͒ grid and R Ͼ 6.8 bohrs and the ͑99,590͒ grid. This behavior can be rationalized keeping in mind that the Na dimer is bound weakly and the highest occupied molecular orbital-lowest unoccupied molecular orbital energy difference is small and decreases rapidly with increasing R. Thus, for large R, the SCF procedure is sensitive to perturbations as, e.g., the spurious large contributions to the KS matrices discussed in this work. As an aside, we note that the total energies and equilibrium bond distance for Na 2 show a non-negligible variation with the grid size ͑see Table VI͒ . This dependency reflects the insufficient resolution of commonly used production grids for meta-GGA calculations on weakly bound complexes. 13 Similar problems were found in this work for K 2 and higher alkali dimers A 2 , as well as their cations when described by pseudopotentials. One will come across the same problem for dynamical simulations of A n clusters, despite the presence of occupied antibonding orbitals, due to the temporary formation of A 2 or A 3 + fragments. In the case of the all-electron investigation of the Li 2 dimer, SCF convergence problems do not occur since the core electrons generate a small but significant positive value at the bond center, which prevents the KS matrix elements from becoming singular.
V. CONCLUSIONS
We have analyzed a convergence problem occurring for meta-GGA functionals such as VSXC, 2 5 or M06-L. 6 The problem was traced back to the way the self-interaction terms were eliminated in the equal-spin part of the correlation energy. We suggest a modified way for this elimination that avoids singularities in the KS matrix elements and resulting convergence problems, whereas leaving the XC energy values essentially unchanged. The modification suggested does not imply any substantial additional computational costs. In the case of the PKZB ͑Ref. 3͒ and TPSS ͑Ref. 4͒ functionals, an expression similar to D is used for the self-interaction elimination, which has to be improved in the way described above. 
